The problem of calculating the inverse pole figure (IPF) is analyzed from the perspective of the application of time-of flight neutron diffraction to in situ monitoring of the thermomechanical behavior of engineering materials. On the basis of a quasi-Monte Carlo (QMC) method, a consistent set of grain orientations is generated and used to compute the weighting factors for IPF normalization. The weighting factors are instrument dependent and were calculated for the engineering materials diffractometer VULCAN (Spallation Neutron Source, Oak Ridge National Laboratory). The QMC method is applied to face-centered cubic structures and can be easily extended to other crystallographic symmetries. Examples include 316LN stainless steel in situ loaded in tension at room temperature and an Al-2%Mg alloy, substantially deformed by cold rolling and in situ annealed up to 653 K.
Introduction
Inverse pole figures (IPFs) are used to illustrate the crystallographic texture of polycrystalline materials (Barrett & Levenson, 1940) . A method for extracting the preferential orientation from diffraction data was first proposed by Harris (1952) , and normalization procedures have since been advanced by Morris (1959) and Horta et al. (1969) . A 'texture coefficient' definition can be found in metallurgy books (Barrett & Massalski, 1980) that is still in wide use (Moholkar et al., 2009) . Two other ways to visualize the texture components are (1) the pole figure (PF), a two-dimensional representation of the grain orientation distribution relative to a fixed sample coordinate system, and (2) the orientation distribution function (ODF), a complete three-dimensional representation of texture (Bunge, 1982; Matthies et al., 1987; Hielscher & Schaeben, 2008; Bachmann et al., 2010) . However, the IPFs are usually sufficient to predict physical properties of polycrystalline aggregates in a particular direction and have become a basic data visualization tool for electron backscattering diffraction (Rollett et al., 2007) . The Rietveld (1969) type refinement technique offers an excellent platform for texture analysis. Popa (1992) and Jä rvinen (1993) were the first to consider the effect of texture on full pattern calculations by using an ODF based on the symmetrized spherical harmonic functions model developed by Bunge (1982) . Von Dreele (1997) included texture analysis in the Rietveld refinement code General Structure Analysis System (GSAS; Larson & Von Dreele, 2000) . Texture analysis based on the ODF requires the refinement of multiple diffraction patterns, and therefore alternative refinement codes, such as MAUD (Materials Analysis Using Diffraction), have been developed (Lutterotti et al., 1997 (Lutterotti et al., , 2007 Wenk et al., 2010) to analyze both X-ray and neutron diffraction data.
In neutron diffraction, the constant wavelength method (angular dispersive) is similar to the X-ray approach and requires extensive rotations of the sample, which may not always be possible. Time-of flight (TOF) neutron diffraction (energy dispersive) provides full diffraction patterns for fixed directions in the sample space and is well suited for the determination of the IPF. Using multiple detectors, TOF neutron diffractometers (Wenk et al., 2003; Vogel et al., 2004) cover several directions simultaneously, and the full PF coverage can be achieved with a reduced number of distinct sample orientations. In this hybrid approach, the ODF is obtained directly by multiple whole-pattern Rietveld refinements and is converted into PFs and IPFs (Lutterotti et al., 1997 (Lutterotti et al., , 2007 ). Rietveld refinement may also be effective for IPF determination from a single pattern, if the texture symmetry of the sample is known. This approach was applied for monitoring texture changes in materials with low symmetry (Ye et al., 2007 (Ye et al., , 2009 Qiu et al., 2011; Tupper et al., 2012; Stebner et al., 2013) , when a large number of distinct directions are available in the reciprocal lattice space for a fixed direction in the sample space.
This work aims to establish the procedures to generate the IPFs and related physical properties directly from in situ neutron diffraction data, collected at the VULCAN diffractometer (Spallation Neutron Source, Oak Ridge National Laboratory, SNS-ORNL), along two orthogonal directions of the specimen. The analyzed examples are two face-centered cubic (f.c.c.) structures in situ characterized at the VULCAN diffractometer: a 316 stainless steel with no initial preferential orientation of the grains before in situ mechanical loading in tension at room temperature, and an Al alloy, Al-2%Mg-1A, with rolling deformation texture before annealing. Extensions of the present approach to other crystallographic systems (body-centered cubic and hexagonal close packed) will appear in a future publication.
Experimental arrangement
The engineering TOF diffractometer VULCAN (Wang et al., 2006 (Wang et al., , 2010 allows the observation of fast structural changes in materials subjected to plastic deformation or temperature treatment ). An interchangeable focusing guide system (Wang & Stoica, 2009 ) delivers an intense neutron flux at the sample. For the experiments reported in this document, the high-intensity mode was employed within a 0.6-3.4 Å wavelength range.
A schematic illustrating in situ measurements at the VULCAN diffractometer during mechanical loading is presented in Fig. 1 . The sample is attached to the grips of an MTS loading frame, positioning the loading direction of the sample at 45 relative to the incident-beam direction. The incident-beam cross section is defined by a 5 Â 8 mm slit inserted at about 200 mm in front of the specimen. Radial collimators, located between the specimen and two detector banks, restrict the field of view to 5 mm along the neutron beam path. The two detector banks at À90
(bank 1) and +90
(bank 2) record the diffracted neutron signals for two orthogonal directions in the sample. Each detector bank consists of three position-sensitive wavelength-shifting-fiber scintillator detectors (SSDs) (Crow et al., 2004) , and the total coverage of a detector bank is 23 wide by 30 high, totaling 154 Â 7 pixels. The detector horizontal spatial resolution of 5 mm matches the effective sample size and provides a horizontal angular resolution of 0.2 for a detector pixel. In order to preserve the angular resolution of a pixel pattern, a cross-correlation calibration procedure (An, 2012) , referred to as 'time focusing', is performed with a diamond powder sample, and, as a result, the set of diffraction patterns recorded by each pixel is reduced to a unique pattern corresponding to the nominal scattering angle measured from the detector center.
Under the time event data acquisition at SNS (Riedel, 2007) , each detected neutron is recorded with a timestamp from a master time clock, which allows a versatile and accurate post-experiment data binning. Moreover, the neutron time event data can be easily synchronized with mechanical loading data during a continuous loading test.
The data reduction software VDRIVE (An, 2012) was used to chop the event data files into pieces corresponding to small temporal intervals synchronized with the annealing or loading data, to time focus the data, and to generate the diffraction histograms for each detector bank. The integral intensities of hkl peaks were obtained by single-peak fitting using GSAS 2005 with PGPLOT graphics (Larson & Von Dreele, 2000) and the associated SMARTSWare package (Clausen, 2003) . A vanadium rod (or vanadium plate) is used for data normalization. For the calibrations, standard samples (Si power or diamond powder) are measured in the same experimental conditions as the examined sample.
Inverse pole figures for f.c.c. structures
In a polycrystalline aggregate, the periodicity of atom arrangements is broken owing to the boundaries between grains. Therefore, the assumption that each grain can be treated as a single crystal, in which atom periodicity is preserved, is helpful in extracting the grain-orientation dependencies based on the kinematic theory of diffraction. This predicts a direct connection between the diffracted intensity in a particular direction and the volume fraction of grains aligned with the selected crystal direction along the measured direction. The thermomechanical characterization of polycrystalline materials based on in situ neutron diffraction requires the collection of diffraction data during mechanical stressing and/or annealing of the specimens. In principle, the TOF technique is able to explore simultaneously many directions in reciprocal space for a fixed direction in real space, but the spacing coincidences and peak superpositions preclude a clean identification of high hhkli index directions. Hence, the choice of the measurable crystal directions is quite limited, especially for high-symmetry structures.
As the integral diffracted intensity for a particular hkl peak is proportional to the volume fraction occupied by the grains having the hkl direction contained in the solid angle defined by the detector acceptance, the normalized detected intensity Schematic for the in situ measurements (loading) at the VULCAN diffractometer: XYZ is the instrument coordinate system, xyz is the sample coordinate system (identified, respectively, with the main processing directions, rolling, RD, transverse, TD, and normal, ND), is the mechanical loading along the RD, is the diffraction angle, and Q 1 and Q 2 are the scattering vectors.
is a direct measure of the corresponding preferred orientation. For example, in mechanical loading experiments, the nominal location of the detectors defines two perpendicular directions, generally related to the sample coordinates: the loading or axial direction, AD, which may be chosen parallel to the processing direction (e.g. rolling, RD), and the transverse or normal direction, ND. Therefore, each IPF refers to one of these two directions. The crystallite planes are visualized by using a stereographic projection, where all normal directions of crystallographic planes reaching a unit sphere are projected to a point on the paper plane. For a crystal with cubic symmetry the unit sphere contains 24 identical spherical triangles. In the case of an f.c.c. structure, the fundamental triangle with the corners at h001i, h011i and h111i is used to represent the preferred grain orientations through IPFs. In Fig. 2 , the red circles show, in a rough approximation, the coverage of recorded data at VULCAN for eight diffraction reflections used to build the IPF. Depending on the material, the peak selection can include higher orders of permitted hkl reflections.
The limited number of measured points in the fundamental triangle requires an additional interpolation procedure to generate a reasonably dense network of points. To ensure a balanced IPF coverage, the barycentric interpolation inside each spherical triangular cell determined by three neighboring [hkl] directions was chosen to generate the IPFs (see Appendix A). The partition of the fundamental triangle into smaller triangular cells for the f.c.c. structure is shown in Fig. 3 , together with the network of 100 interpolation locations (magenta circles). The current values of these locations are chosen with constant angular increments.
The eight diffraction lines selected for single-peak fitting of the f.c.c. structure are well separated and are unambiguous in a diffraction pattern. However, the corresponding pole distribution is inhomogeneous, and the measured values correspond to IPF integration over a certain area around the nominal crystal direction (shown in Fig. 2 as red circles). To evaluate the instrument coverage for each hkl direction, and to determine the correlation between their detection probabilities, a quasi-Monte Carlo (QMC) approach, based on random-start Halton sequences (Appendix B), was applied. A three-dimensional network of 1023 QMC distributed points were chosen to generate the distribution of grain orientations. As the single-crystal orientation, characterized by an Eulerian rotation matrix, is known, it is possible to calculate which of the selected diffraction spots will be detected in each of the detector banks in the VULCAN arrangement (axial and/or transverse). The results of accounting for detected spots are summarized in Table 1 . The sub-arrays of the grain orientations corresponding to a detected hkl may be further used for an efficient averaging of any single-crystal physical parameter. Although the angular coverage of a detector bank is rather small (0.2 sr), each bank probes a significant share of randomly oriented grains (77%), as can be seen in Table 1 . The 'lost grains' column represents the undetected grains.
Furthermore, up to three spots can be detected from one favorably oriented grain. To illustrate this feature, the orientations of QMC-generated grains are drawn in Fig. 4 (a) as points in the fundamental triangle. Three groups of grains are overlapped: not detected (Fig. 4b ), unique reflection ( Fig. 4c) , and two or three reflections (Fig. 4d) . The grains providing multiple diffraction spots in a detector bank are mainly located in the central region of the fundamental triangle, where the distance between the neighboring selected hkl reflections is smaller. The undetected grains are located in the two relatively large triangles pointing to the h001i and h111i corners. The ratios between the number of spots and the effective number of grains, included in Table 1 , verify that, in fact, the overall detected intensity corresponds on average to one diffraction spot for each grain embedded in the sampling volume.
The main issue of IPF representation, when the number of measured points is limited, consists in defining the weighting factors. One solution (Horta et al., 1969) The fundamental triangle for the f.c.c. structure showing the diffraction spots and the coverage (red circles) of recorded data at VULCAN.
Figure 3
The partition of the fundamental triangle into seven cells and the interpolation locations (magenta circles) chosen to represent the IPFs for the f.c.c. structure. plicity factors for weighting the hkl contributions (see Table 2 ). This approximation accounts for the diminished contribution of the hkl spots located on the edges of the fundamental triangle but does not take into account the inhomogeneous distribution of spots. Morris (1959) proposed partitioning the fundamental triangle in areas assigned to different diffraction spots (see Fig. 5 for representation and Table 2 for weighting factor values). In this approach, the IPF is in fact approximated to a discontinuous step function, and the error is hard to estimate. As the IPF is an unknown continuous function, it is impossible to calculate the exact value of its integral over the fundamental triangle. In our approach, the IPF function is approximated by barycentric interpolation inside a network of fixed positions accessible to the experiment. In this case, the IPF current value, p, at any point of the triangle can be written as a weighted sum over the set of eight distinct values corresponding to the ideal hkl positions of choice, hkl 2 {001, 113, 112, 111, 012, 011, 133, 135}. The QMC-generated crystal orientations help to evaluate the barycentric interpolation coefficients, b ij , for each grain i 2 {1, N} and for each hkl reflection from the list assigned to the generic index j 2 {1, 8}. For the IPF values in the ideal positions, p
, when the macroscopic direction RD or ND is oriented exactly along the j crystallographic direction, the normalization condition results in the following equation:
In equation (1), the index id1 is used for the detector bank 1 (axial direction) and the weighting factors, w ðid1Þ j , are defined as
Owing to the normalization condition P 8 j¼1 b ij ¼ 1, the weighting factors are also normalized:
The weighting factors calculated from equation (2) are listed in Table 2 , where they are compared with the values obtained by Horta et al. (1969) and Morris (1959) . In order to normalize the experimental data with the calculated weighting factors, it is necessary to define the 'experimental' IPF value, p ðex1Þ j , as the sum over a subset of grains, i 2 j :¼ fi 1 ; i 2 ; . . . ; i N j g, that fulfill the detection condition for a specific diffraction spot, j:
or, more concisely,
The transformation matrix G ¼ fg ij g is defined as
This matrix is normalized over the second index, P 8 j¼1 g ij ¼ 1, but is not unitary (see Table 3 ). The experimental weighting factors, w ðex1Þ j , are the result of a linear transformation of the 'ideal' values, w
This equation expresses the averaging effect introduced by the extension of the detector bank and is instrument dependent. The weighting factors, w
, are also normalized, P 8 j¼1 w The fundamental triangle for the f.c.c. structure, showing the diffraction spots corresponding to the QMC-generated grains. Color code: blue -not detected, green -unique reflection, red -multiple reflections. 
Figure 5
The partitioning of the fundamental triangle for the f.c.c. structure proposed by Morris (1959) .
values can be further used to infer the basic texture parameters, p
, from experimental data:
In equation (7), I j represents the integral intensity of a diffraction line j, which has to be divided by the reference intensity, I ref j , measured (or calculated) on a reference sample with randomly oriented grains. In the absence of a good reference sample, the set of reference intensities may be generated by using GSAS or any other Rietveld type code. Finally, from equation (6), the corrected IPF values, p ðid1Þ j , to be used in the IPF graphical representation are calculated as
However, p ðid1Þ j should be positive, and this is not automatically ensured by equation (8). Thus, a solution of choice is to get the set of p ðid1Þ j that minimize the sum of squared differences between the two sides of equation (4b) with the conditions p ðid1Þ j > 0. The QMC data are also useful to assess the correlations between the two detector banks. A survey of the grains with a specific h 0 k 0 l 0 detected by the normal direction bank gives the distribution of hkl detected in the axial direction bank. Then, the QMC-generated crystal orientations for the first bank can be used to evaluate the barycentric interpolation coefficients, c ij , corresponding to the second bank. For a random texture, the texture index of a particular orientation, i, should be the same in both banks:
This equation allows the determination of the correlation matrix, T ¼ ft ij g, between the IPF corresponding to the normal direction and that corresponding to the axial direction as follows:
The corresponding correlation matrix presented in Table 4 is valid not only for a random texture but also for any fiber texture aligned with the axial direction. In these cases, the IPF for the normal direction is entirely determined by the IPF for the axial direction:
Briefly, the procedure of data processing for the IPF representation, starting from the integral intensities obtained by single-peak fitting of recorded patterns, implies the calculation of the texture parameters, p ðexÞ j , from equation (7), the ideal texture parameters, p ðidÞ j , using equation (8), and the IPF values for an extended array of points as shown in Fig. 3 on the basis of barycentric interpolation. The correlation between the IPFs recorded in the axial and normal directions, defined as matrix T, can be used to test the axial symmetry hypothesis by applying equation (11). The practical implementation of this approach is illustrated in next section.
In this respect, the QMC approach can also provide accurate grain distributions simulating any ideal texture component of {hkl}huvwi type, where huvwi is the axial direction and hhkli is the normal direction. There is an important distinction (9) to make: the 'quasi-randomness' of points in calculating w ðexÞ j and fg ij g is only a tool for numerical integration, and the results are independent of any particular texture (provided that the barycentric interpolation gives a reasonable approximation), whereas the T matrix refers to a particular class of grain distributions, and the QMC-generated points should be viewed as a 'simulation' tool. The volume fractions can be refined simultaneously to match the experimental data recorded in both directions.
Results
Two f.c.c. structures were chosen as examples for calculating the IPFs from in situ VULCAN data: an austenitic stainless steel sample, SS316, with an initial random texture, measured in situ under mechanical tensile loading, and an Al-alloy sample, Al-2%Mg-1A, with an initial rolled deformation texture and in situ annealed under isochronal conditions.
Deformation texture of SS316 under uniaxial mechanical loading
The cylindrically symmetric dog-bone specimen used for the in situ tensile testing experiment was exposed to the neutron beam in the central gauge region of 6.35 mm diameter. Taking into account the beam cross section and the field of view limitations imposed by the convergent collimators, the sampling volume can be estimated to be about 140 mm 3 . The specimen was deformed in tension up to 13% engineering strain. Providing that the specimen deformation is symmetric during a deformation test, the neutron beam is sampling almost the same material volume.
The diffraction patterns of the as-received SS316, recorded at VULCAN in two banks for the axial and transverse directions were analyzed using the GSAS code. A good fit was achieved without considering any texture coefficients, and the patterns for the two perpendicular directions in bank 1 and bank 2, respectively, are identical (see Fig. 6 ). Therefore, we can conclude that in the initial state the grain orientation distribution was random, and the corresponding pattern can serve as a reference for further texture determinations. Each set of grains with the hkl direction close to the axial direction can be considered a crystallographic 'fiber'. The grains belonging to a certain axial fiber are expected to react in a similar way to the plastic deformation, and the diffraction data averaged over a certain fiber are assumed to be representative. Thus, if the plastic deformation induces crystallographic texture development, that will change only the relative weight of each axial fiber without affecting the random orientation of the grains around the fiber axis. In our case, the plastic deformation was shown to enforce a significant change in the grains orientation, as predicted by the self-consistent modeling (Tome & Canova, 1998) . The individual peak intensities were normalized to the initial values (considered as random reference). The IPF for the axial direction at the maximum deformation stage, represented in Fig. 7 , was calculated following the proposed QMC barycentric procedure. The observed preferential orientations of the h111i and h100i poles along the loading direction is typical for f.c.c. materials deformed in tension. Similar results were obtained from the same diffraction patterns employing the Rietveld texture analysis and assuming cylindrical texture symmetry. Making this assumption, up to six texture coefficients were refined during GSAS fitting for the pattern recorded along the loading direction. The resulting one-dimensional pole figures for the reflections h100i and h111i are shown in Fig. 8 (blue lines). For comparison, we calculated the 5 step histograms of the grain orientation distribution for the same reflections, using the QMC-generated grain orientations and the experimentally determined IPF as a weighing function (Fig. 8,  histograms in red) . The spherical harmonic approximation allows for some unphysical values for texture ratio (negative), which are omitted from the figures. This may be the reason for the amplified intensity oscillations over the whole angular Diffraction patterns of SS316 before in situ tensile loading at VULCAN for two orthogonal directions: (a) along loading and (b) perpendicular to it. The cross symbols are the experimental data and the red lines are the calculated data resulting from Rietveld refinement. The displayed data are not normalized to the vanadium spectrum.
Figure 7
Experimental inverse pole figure for the axial direction (along the loading direction) of the SS316 sample, in situ tested in tension at 375 MPa.
range, contrary to the histograms, which show less pronounced texture features but the same trend.
To demonstrate the cylindrical symmetry of deformation texture, we represent in Fig. 9 the experimental IPF in the ND (Fig. 9a) and the ND IPF calculated with the correlation matrix [equation (11)] from the data in the axial direction (Fig. 9b) . A comparison between the two results supports the validity of the axial symmetry assumption and the consistency of our approach.
As a result of straining, the texture development can be quantified from the average orientation flow field (OFF) caused by an infinitesimal change in IPF value, @p, due to an infinitesimal change of macroscopic deformation, @":
where ¼ d"=dt is the deformation velocity. The OFFs corresponding to the initial and final stage of deformation are presented in Fig. 10 . The inverse pole representation of OFF resulting from in situ neutron diffraction data cannot indicate the direction of the orientation drift, unlike the in situ X-ray observation of individual grains (Winther et al., 2004) , but the main features are reproduced. If the plastic deformation mechanism at the grain level is entirely explained by crystallographic slip, the continuous change of grain shape induces an increasing torque enforced by the interaction with the neighboring grains, which subsequently rotates the grain (lattice spin). The concept of rotation-rate field (RRF) has been introduced (Wierzbanowski & Clement, 1984) , and continuity equations have been deduced to link the OFF and RRF (Clement, 1982) . However, it was shown that using the continuity equations to retrieve the RRF from experimental texture data gives only the component along the texture gradient (Baczmanski et al., 1993) . Klein & Bunge (1991) pointed also to the multi-valued nature of the flow field, and considered two contributions to explain the texture components' evolution: the overall flow and the diffusion in orientation space. Thus, it is difficult to define a synthetic set of parameters to describe the slip-induced texture changes beyond equation (12). Decomposition in texture components may be effective when the initial texture is not random.
Recrystallization texture of cold-rolled Al alloy
The QMC-barycentric method was applied for the case of the f.c.c. structure of Al-2%Mg alloy, with an initial deformation texture of 80% cold rolling. The cast and symmetrical cold-rolled samples were cut into a flat dog-bone shape with the gauge size of 5 Â 3.8 mm and in situ annealed under load at VULCAN. The neutron incident beam of 5 Â 5 mm reached the sample positioned with the RD and ND at AE45 relative to the incident beam. The loading in tension was kept constant at the low value of 2 MPa, and the isochronal heating rate of 2 K min À1 was used during annealing up to 653 K. Two direct PFs recorded at VULCAN for Al-2%Mg-1A asrolled and recrystallized samples (Fig. 11) were obtained using research papers Figure 9 The inverse pole figures for the normal direction of the SS316 sample, in situ tested in tension at 375 MPa: (a) experimental and (b) calculated with the correlation matrix.
Figure 8
The distribution of h111i and h100i poles versus the angle toward the loading direction (axially symmetric case) for the SS16 sample in situ loaded in tension at VULCAN. The continuous blue lines are the GSAS fit using spherical harmonic polynomials with six free parameters, and in red are the histograms resulting from the IPFs calculated with the QMCbarycentric interpolation method (seven parameters).
Figure 10
The inverse pole figure of the orientation flow field for the axial direction of the SS316 sample, in situ tested at two levels of straining: (a) early stage and (b) final stage.
two axes of rotation [one fixed (vertical) , the second confined in the horizontal plane] to cover the entire angular range necessary for a complete PF. The angular step was set to 10 around the vertical axis and 30 around the horizontal axis, resulting in 60 measured sample orientations corresponding to 109 independent points on a PF (as two detector banks are available). In the TOF method, multiple diffraction peaks are recorded for each sample orientation, so different directions in reciprocal space are available for the PF construction. Two peaks corresponding to the h111i and h001i directions were individually fitted using the SMARTSWare package (Clausen, 2003) . Absorption corrections were applied to correct the intensities for the sample holder. The texture shows orthorhombic sample symmetry for both samples. As expected, the initial texture of cold rolling contains a fiber, connecting three texture components: B (brass) {110}h112i, T (Taylor) {4 4 11}h11 11 8i and S {123}h634i (Fig. 11a) . The cube component {100}h001i has clearly developed as a result of recrystallization (Fig. 11b) .
The IPFs obtained using the QMC-barycentric procedure to analyze the in situ VULCAN data during annealing of Al samples are represented in Fig. 12 , for the initial state (before annealing, Fig. 12a ) and for the final state (after annealing, Fig. 12b ), for two orthogonal directions in the sample, RD and ND, measured in bank 1 and bank 2, respectively.
Additional measurements were performed on a specimen cut from Al-2%Mg-1A as-rolled material at the HIPPO diffractometer at LANSCE, Los Alamos National Laboratory. At HIPPO, a TOF neutron diffractometer, described in detail by Wenk et al. (2003) and Vogel et al. (2004) , the diffracted beam is recorded by 1350 positionsensitive 3 He detectors placed in 50 ring-shaped panels forming five banks at different diffraction angles (10, 20, 40, 90 and 150 ). The sample was rotated at four orientations, 0, 45, 67.5 and 90 . The data were analyzed by Rietveld refinement using the MAUD software (Lutterotti et al., 1997 (Lutterotti et al., , 2007 Wenk, 2010) to fit the whole pattern spectra, given the fact that TOF measurements provide intensities for a wide range of d spacing. In analyzing our HIPPO data with MAUD, the WIMV method (Matthies et al., 1988) was used to compute ODFs from 120 spectra with the d spacing ranging from 0.5 to 2.5 Å . The ODF corresponding to the initial texture is shown in Fig. 13(a) . The IPFs resulting from the ODF in the MAUD program are presented in Fig. 13(b) . They are similar to the IPFs measured at VULCAN and analyzed using the QMC-barycentric interpolation method as shown in Fig. 12(a) . The smaller values of texture displayed by IPFs from Fig. 12 
Figure 12
The inverse pole figures showing with symbols the texture components for two orthogonal directions, RD and ND, of the sample in situ annealed at VULCAN: (a) deformation texture by cold rolling and (b) recrystallization texture after annealing at 613 K for 75 min.
although the sample texture symmetry is no longer axially isotropic.
The IPFs measured in situ at VULCAN were analyzed to assess the evolution of the volume fraction of the texture components during annealing. The resulting recrystallization components were B, T, S, cube, Goss {110}h001i, Q {013}h123i and CH {001}h012i. With this purpose, the response of a certain detector bank to each texture component can be simulated by the QMC method, and their specific contribution to the measured IPF values can be determined by a leastsquares minimization procedure. A detailed analysis will be given elsewhere.
Conclusions
A QMC method incorporating barycentric interpolation was applied to calculate the IPFs from in situ measurements at the VULCAN diffractometer. The numerical procedure is described, and the necessary weight factors are tabulated.
The examples chosen to build IPFs using the proposed QMC approach are two f.c.c. structures, with random and rolling texture, respectively. The results describe rigorously the grain-orientation evolution during in situ mechanical loading and annealing. The procedure can be easily extended to other crystallographic symmetries.
Moreover, the QMC data were used as a simulation tool to find the correlation matrix between the IPFs corresponding to the normal and those corresponding to the axial direction. The obtained correlation matrix is valid not only for a random texture but also for any fiber texture aligned with the axial direction. This approach can be extended for any specific texture components and used to analyze the evolution of texture components.
The present work is meant as a first step in interpreting the in situ neutron diffraction data (mechanical loading, annealing or annealing under load) from the point of view of grainorientation evolution and will be developed in a forthcoming publication for the analysis of lattice strains. The proposed approach to extract texture information from diffraction data takes into account the experimental arrangement of a real instrument. Our examples are based on the integral intensities of diffraction lines as resulting from the single-peak fitting of experimental patterns. Then, using the QMC approach, the inverse pole figures are obtained. However, the QMC-generated weighting factors together with the barycentric interpolation procedure can be easily implemented in a Rietveld type refinement procedure incorporating all directions in reciprocal space available in the lattice-spacing window of the measurement.
APPENDIX A Barycentric interpolation in a spherical triangle
Let consider a triangle, A 1 A 2 A 3 , on a sphere with unit radius (Fig. 14) . Thus, the sides of the triangle are segments of great circles, and their lengths are equal to the angles of the pyramid with its apex at the center of the sphere measured in radians, 1 , 2 and 3 . The area, S, of the triangle can be determined from the values of its sides as follows (Todhunter, 1886) :
If the values of a function, F i , are known at the vertices (denoted in Fig. 14 as A i ) of a spherical triangle, the value of the function, F, at a point, P, located inside the triangle can be interpolated as follows: HIPPO texture data of cold-rolled Al alloy, Al-2%Mg, analyzed using the MAUD program (Lutterotti et al., 1997 (Lutterotti et al., , 2007 : (a) ODF and (b) IPFs for two orthogonal directions, RD and ND.
The area S i corresponds to the triangle PA j A k (i 6 ¼ j 6 ¼ k) opposite to the vertex A i . The area S 0 corresponds to the whole triangle.
APPENDIX B Quasi-Monte Carlo method -random-start Halton sequences
The QMC method is used to generate evenly distributed networks of points in a multi-dimensional space. Similar to the Monte Carlo (MC) method, the integral of a multi-dimensional function reduces to the average of the function values calculated at a finite number of points. If N is the number of integration points, the convergence of the integration error in the QMC method is proportional to N
À1
, compared with N À1/2
for the MC method. The simplest way of generating low-discrepancy sequences to be used in the QMC method was proposed by Halton (1960) . It uses the radical inverse function defined as
The b j coefficients result from the base p representation of the integer number n:
The Halton sequence in r-dimensional space uses radical inverse functions of prime bases as follows:
H n ¼ ' p 1 ðnÞ; ' p 2 ðnÞ; . . . ' p r ðnÞ Â Ã :
The numbers p 1 , p 2 , . . . , p r are usually the first r prime numbers. The application described in the present work refers to a three-dimensional space (Euler angle space) and uses the first three primes: 2, 3, 5. The sequence length was chosen to be 1023 terms but is not limited to this number. The higher accuracy of the QMC method is widely recognized, but a simple solution to estimate the errors is still lacking. One way to expedite the error estimation is to randomize the Halton sequence and use statistical methods as in the MC method. Few randomization techniques have been proposed (Wang & Hickernell, 2000) . In this work, the random-start approach was used to generate the Halton sequences, and the computing process was repeated ten times with different starting points. The standard deviation of each calculated value, included in Tables 1-4 , is shown enclosed in parentheses.
